Abstract. We investigate the impact of three-body forces on the transverse momentum distribution of partons inside the proton. This is achieved by considering the three body problem in a class of hypercentral quark potential models. Solving the corresponding Schrödinger equation we determine the quark wave function in the proton and with appropriate transformations and projections we find the transverse momentum distribution of a single quark. In each case the parameters of the quark potentials are adjusted in order to sufficiently describe observable properties of the proton. Using a factorization ansatz we incorporate the obtained transverse momentum distribution in a perturbative QCD scheme for the calculation of the cross section for prompt photon production in pp collisions. A large set of experimental data is fitted using as a single free parameter the mean partonic transverse momentum. The dependence of kT on the collision characteristics (initial energy and transverse momentum of the final photon) is much smoother when compared with similar results found in the literature using a Gaussian distribution for the partonic transverse momenta. Within the considered class of hyper-central quark potentials the one with the weaker dependence on the hyper-radius is preferred for the description of the data since it leads to the smoothest mean partonic transverse momentum profile. We have repeated all the calculations using a two-body potential of the same form as the optimal (within the considered class) hyper-central potential in order to check if the presence of three body forces is supported by the experimental data. Our analysis indicates that three-body forces influence significantly the form of the parton transverse momentum distribution and consequently lead to an improved description of the considered data.
Introduction
The description of the hadron spectra is still an open question in theoretical physics. To date, the most important progress in this direction is based on lattice QCD, QCD sum rules and potential models. Despite being more fundamental, lattice QCD and QCD sum rules can only lead to rough description of hadronic spectra. Potential models on the other hand, albeit not fundamental, have been proved to be very successful even in the non-relativistic approximation.
Since the late seventies several attempts have been made in this field using different forms for the quark-quark interacting potential, leading in many cases to a very good description of the hadronic states. The main ingredient in all these models is the presence of a confining part in the inter-quark potential, which is independent of flavor and spin.
Although in light baryons, as the proton, relativistic effects are expected to play a role, there are several nonrelativistic treatments leading to satisfactory description of the proton properties [1, 2, 3, 4] . In particular the nonrelativistic inter-quark potential: V (r) = A + Br 0.1 (1) with A, B appropriate constants, has been successfully used in the literature for the description of the heavy quark meson wave function as well as the clearly relativistic ss states [1] . The same model was used later in [2] in order to obtain baryonic spectra with very good results. With the progress of lattice QCD it became possible to determine effective inter-quark potentials based on first principles [5, 6] . During the late eighties it was realized that genuine many body interactions could also play an important role in the determination of baryon properties [7] . To this end it has been proved to be very efficient to express the interaction between the quarks in terms of hyper-radial potentials [8, 9, 10, 11] . In this treatment V (ξ) is in general a three body potential since the hyper-radius ξ depends on the coordinates of all three particles. Such potentials have been extensively used for a consistent description of a large set of hadronic observables which besides their spectra include the photo-couplings [12] , the electromagnetic form factors and the strong decay ampli-tudes [13, 14] . Recently it has been proposed that within the potential model approach one could also obtain an estimation of the transverse momentum distribution of partons inside the hadrons g(k T ) [15] . The resulting probability density, characterized by a non-Gaussian shape, was then used within the framework of perturbative QCD for a phenomenological description of the cross section for π 0 production in pp collisions. Interestingly enough, this treatment turned out to be very efficient in the description of the experimental data resolving several unsatisfactory issues present in the usual approach involving a Gaussian form for g(k T ). In [15] the treatment was based on a twobody potential of the form (1) while in a later work the MIT bag model [16] was used in a similar manner to obtain g(k T ) and subsequently to describe successfully the prompt photon production in pp collisions [17] . The results of these two works indicate that confinement, asymptotic freedom and/or relativistic description make an imprint on the intrinsic transverse momentum distribution of the constituent quarks, detectable in the cross section of pp collisions. As mentioned in [17] this fact could give an explanation for the systematic discrepancy between theoretical next-to-leading order (NLO) calculations [18] and experimental data [19, 20] of inclusive single photon production (pp → γX). The observed gap for this process is particularly significant in fixed target experiments and cannot be filled even after taking into consideration certain large contributions to the partonic hard scattering cross section to all orders in perturbation theory, using the threshold resummation technique [21, 22, 23] .
In the present work our main interest is to explore if genuine three-body effects may also influence the transverse momentum distribution of the quarks inside the proton in a way that it is detectable in cross section data. Therefore, we initially attempt a consistent description of the ground state wave function of the proton as a three quark bound state within a class of hyper-central quark potential models of the form:
where A k , B k are constants, k ∈ R + and ξ is the hyperradius. Due to the many body nature of the problem in the general case the wave functions can only be obtained numerically. One interesting exception is when the quarkquark confining potential is harmonic, allowing for analytical solutions. In addition, the harmonic model supplies a convenient classification scheme of the baryon resonances in terms of shells [4] . The parameters A k and B k are chosen in order to fit the proton's ground and first excited state energy. To ensure consistency we also estimate the proton's charge radius. Having fixed A k , B k we determine g(k T ) for several values of k (k = 0.1, 0.5, 1, 2) and then we use the standard treatment within perturbative QCD for the calculation of the cross section for prompt photon production in a pp collision experiment. We compare our results with those of [15, 17] in order to extract information concerning the presence or not of traces of three-body effects in g(k T ) traceable through the considered experimental data.
Our work is organized as follows. In section 2 we introduce the hyper-central description of the three body problem in the non-relativistic case using the potential
We solve numerically the hyper-radial Schrödinger equation for the 4 different values of k mentioned above. In each case we determine the parameters A k and B k having as criterion the exact description of the ground and first excited state energy of the proton. In section 3 we calculate the intrinsic transverse momentum distribution g(k T , k T ) of partons inside the proton for different k. In section 4 we present the numerical results from the best fit of the pp → γX cross section data at various energies and transverse momenta of the produced photon, using the single parameter distribution g(k T , k T ) within the framework of perturbative QCD. Finally, section 5 contains our concluding remarks.
Hyper-central potential for the proton
We start our study by considering the proton as a bound state of three constituent quarks. After fixing the center of mass, the three particle configuration is described by the Jacobi coordinates:
Instead of x i (i = 1, 2, 3) one can introduce the hyperspherical coordinates, which are given by the angles Ω 1 = (θ 1 , φ 1 ) and Ω 2 = (θ 2 , φ 2 ) (θ i , φ i are polar and azimuthal angles of vector ξ i , i = 1, 2) along with the hyper-radius ξ and the hyper-angle χ, defined by the relations:
In this model we consider three identical quarks of mass m. Then the Hamiltonian can be written as:
where µ = m 2 and the potential depends only on ξ (hypercentral). Since
the interaction in Eq. 5 is not a purely two body interaction but contains three body contributions. The presence of three quark forces could be suggested by the existence of a direct three gluon interaction which is one of the fundamental features of the non-abelian nature of QCD. In fact all these many body terms can be included, effectively, in an appropriate hypercentral potential [11] .
Using hyper-spherical coordinates the Hamiltonian of the three body problem can be written as:
where:
in whichĴ is the angular momentum of the subsystem of particles 1, 2 andL is the angular momentum of particle 3 with respect to the center of mass of the two body subsys-
is the Casimir operator of the six dimensional rotation group O(6) and its eigenfunctions are the hyper-spherical harmonics Y λjmj lm l (Ω 1 , Ω 2 , χ). That is:
where the grand-angular quantum number λ is given by λ = 2n + j + l, n = 0, 1, 2, . . . and j, l are the angular momenta associated with theĴ andL operators respectively. The solution of the Schrödinger equation in this case has the following form:
where
and P n (cos 2χ) are the Jacobi polynomials. For the hyper-radial many-body interaction between equal mass particles we use the general form (2) leading to the radial equation:
Introducing new variables
and the new function:
As a result Eq. (11) becomes:
determining the energy eigenvalue problem to be solved. As discussed previously the non trivial part of the calculation is the solution of the radial equation (14), which in the general case (arbitrary k) can be obtained only numerically using the Numerov algorithm. Actually, solving (14) we determine simultaneously the eigenvalues σ 0 = W ǫ 0 and σ 1 = W ǫ 1 and using the equations:
where E 0 = 0.938 GeV and E 1 = 1.440 GeV are the proton's ground and first excited state energies respectively, we find the constants A k and B k of the hyper-radial potential in (2) . These quantities are necessary in order to get estimations of dimensionfull observables from our calculations. In Figs. 1,2 we present the wave functions of the ground state and the first excited state respectively (properly normalized for dimensional reasons) for the four different values of k mentioned above. The insets display in more detail, using a suitable scale, the form of the ground state ( Fig. 1 ) and the first excited state (Fig. 2) for k = 0.1. Using the ground state wave functions shown in Fig. 1 we can calculate the hyper-radius ξ
of the proton ( ρ 2 1 2 being the corresponding dimensionless quantity).
The hyper-radius can be related with the experimentally accessible charge radius r ch =
x 2 i ch = 1 2 ξ 2 . In Table I we summarize the results for the proton charge radius using the four different values of k previously mentioned.
According to Table I , based on the value of the proton's charge radius no distinction between the four considered cases of k is possible. 
As a next step we determine, for each choice of k, the single particle transverse momentum distribution in the ground state. In order to proceed we first have to calculate the ground state wavefunction in the momentum space (conjugate to the space ξ i , i = 1, 2, 3) as:
where Ψ N λjmj lm l is the full eigenfunction. A convenient representation of the integrals in eq. (16) is achieved in the reference frame where k ξ = (0, 0, k ξ , 0, 0, 0). It is useful to determine the transformation of the momenta k ξi to the Cartesian momenta k i : The above expressions is simplified, in the center of mass frame where k ξ3 = 0 and:
The two particle density ρ(k 1 , k 2 ) is then given by:
Finally from Eq. 19 we obtain the one particle transverse momentum density g(k T ) as:
with z = cos ω where ω is the angle between k 1 and k 2 . The integration in equations 16 and 20 can be performed to a great accuracy using a mixture of GaussKronrod quadrature and VEGAS Monte-Carlo integration algorithm. In Fig. 3 we present the intrinsic transverse momentum distribution 2πk T g(k T ) of a parton inside the proton obtained from the ground state wave function corresponding to each of the four different choices of the exponent k in (2). As expected for increasing k the maximum of the distribution becomes broader while the tail tends to be more abrupt. One possibility for testing the phenomenological relevance of three-body forces is to consider their influence in the description of physical processes, like prompt photon production in pp-collisions, within the framework of perturbative QCD. Our strategy is to find the value of k in (2) for which we achieve the best description of experimental data and then to compare our results with those obtained using g(k T ) determined through the MIT bag model [17] or the corresponding two-body potential [15] .
Numerical Results
We consider prompt photon production in pp-collisions as the appropriate process for checking the influence of three-body partonic interactions in the phenomenology of proton collisions. In fact this process is optimal for this purpose since it is not affected by experimental ambiguities caused by final state hadronic interactions. In order to proceed we use the phenomenological scheme proposed in [15, 17] for the calculation of the differential cross-section for inclusive γ-production. This scheme incorporates partonic subprocesses according to perturbative QCD, partonic effects in the proton described through the longitudinal parton distribution functions (PDF) and effects due to the intrinsic transverse momenta of the partons described through g(k T ). A simplified phenomenological approach is adopted, in which it is assumed a factorization between longitudinal and transverse momentum parton distributions [24, 25] . Although such an assumption seems reasonable from a statistical point of view, since the longitudinal momenta of the partons may differ by orders of magnitudes from the corresponding transverse ones, its validity based on first principles remains under question [33, 34] . Despite this fact this factorization asatz turned out to work sufficiently well in the case of cross section calculations for prompt photon production using the MIT bag model [17] . Here, as we are interested in comparing results obtained using different inter-partonic interactions for the description of the proton wave function, it is necessary to use exactly the same treatment as that introduced in [15, 17] . The calculations are performed in next-to-leading order (NLO) of perturbative QCD and the cross section for single photon production is given by:
where f i/p (i = a, b) are the MRST2006 NNLO longitudinal parton distribution functions (PDF) for the colliding partons a and b as a function of longitudinal momentum fraction x i and factorization scale Q [26] .
dσ dt is the cross section for the partonic subprocesses as a function of the Mandelstam variablesŝ,t,û [25] . The higher order corrections in the partonic subprocesses are effectively included in (21) through the K-factor, appearing in the right hand side, which depends on the transverse momentum of the outcoming photon and the beam energy [27] .
At this point we should mention that although part of the k T -effects is unavoidably included in the NLO calculations, here we are studying the non-perturbative origin of such effects. To this purpose we are using a minimal modification to the standard approach in order to obtain an upper bound for such non-perturbative effects. Following this reasoning we attempt to describe experimental data introducing partonic transverse degrees of freedom through the replacement [25, 28] : (22) in the PDF of the colliding partons (i = a, b). To avoid singularities in the partonic subprocesses we introduce a regularizing parton mass [29, 30] with value close to the constituent quark mass m q = 0.3 GeV in the Mandelstam variables appearing in the denominator of the corresponding matrix elements. In fact m can be chosen in the range [0.1, 1.0] GeV without affecting the following analysis. Using the distribution g(k T ) obtained in the last section it is straightforward to calculate the cross section (21) . We start our numerical investigations calculating the differential cross section for PHENIX data [31] on prompt photon production with transverse momentum p T at RHIC ( √ s = 200 GeV ). At this step of the analysis we use the PHENIX data since, due to the very high beam energy, the pT √ s ratio is expected to become very small indicating the presence of non-perturbative QCD processes where k T -effects are expected to be relevant. We perform four sets of runs, each one using a different distribution g(k T ) (see Fig. 3 ) associated with the different values of k (k = 0.1, 0.5, 1, 2) in the potential (2) . Varying the mean transverse momentum k T we fit in each case all the available PHENIX data for different p T of the produced photon. As a result an one-to-one relation of k T with p T , for each g(k T ) used, is established. In Fig. 4 we display graphically this relation for the four considered cases. In general the variations of the k T dependence on p T are not as large as when an ad-hoc Gaussian g(k T ) is used ( [17] ). However, in order to achieve a comparison between the different models we impose the following two criteria:
-compatibility of the fitted k T -values with the geometrical properties of the proton, and -smoothness of the relation between k T and p T To make the first requirement more quantitative we calculate the p T averaged uncertainty σ kT = ∆ k T of k T for each of the considered models and we compare it with 2r ch obtained using the proton charge radius shown in table I. Assuming that σ kT describes successfully the k Tfluctuations then the ratio:
can be used as a measure of the consistent description of the proton's geometry (size) within the considered model. Optimally we expect R G ≈ 1 while deviations may originate from the type of the inter-quark potential, the presence or not of three-body forces and the relevance or not of relativistic effects. The second criterion is quantified introducing a non-smoothness parameter R N S defined as the average slope variation squared in adjacent p T -intervals.
To be more precise one uses a linear approximation for the function k T (p T ), as determined by the pairs (p T , k T ), found through the fitting of the experimentally observed cross section for each considered model, to estimate the slope s i in the i-th p T -interval. Then R N S is given by:
From this definition it is clear that with increasing R N S the associated function k T (p T ) becomes less and less smooth. The results for the quantities R G and R N S , calculated using g(k T ) obtained from the four different potential models discussed above, are summarized in Table  II . For comparison we also include in this table the values of R G and R N S found using g(k T ) determined by the MIT bag model [17] as well as by solving the three body problem with two-body interactions of the form (1). In order to be complete we give the values of these quantities found in the case of using the usual Gaussian g(k T ) in the cross section calculations. According to Table II it is evident that the hyper-radial potential with k = 0.1 leads to more consistent values for R G and R N S than the other three choices (k = 0.5, 1.0 and 2.0). Clearly for g(k T ) obtained from (2) with k = 0.1 the fluctuations of k T are smaller and closer to the expectations for the proton size based on Heisenberg's uncertainty relation (∆k T ≈ 0.33GeV ). Comparing the results for the k = 0.1 hyper-radial potential with those for the similar 2-body potential we conclude that three body forces are important for a consistent description of the partonic transverse momentum effects in the proton. In addition, the partonic transverse momentum distribution determined using the MIT bag model leads to the best values for R G and R N S suggesting that relativistic effects also influence significantly the transverse momentum structure of the proton. Finally, it is important to trace the behavior of each model to the characteristics of the corresponding distribution g(k T ). As it is clearly seen from Fig. 5 the best description, of the experimental data, is achieved using the model resulting in the greatest variance of k T for given k T (MIT bag [17] ). It is also interesting to notice that this characteristic depends smoothly on the exponent k of the potential, becoming more pronounced for lower k, approaching the MIT description.
Remaining in the framework of non-relativistic hyperradial potentials it seems reasonable to restrict the detailed analysis of all existing experimental data on single γ-production in pp collisions to the case of g(k T ) originating from (2) with k = 0.1. In Fig. 6 we show the cross section data from 8 experiments [32] varying both in √ s and in the observed p T region. The mean transverse momenta of the partons, necessary for a perfect description of these data is plotted in Fig. 7 . We clearly see that only the region of small values of the ratio 
Concluding remarks
In this work we have investigated the influence of threebody forces in the transverse momentum distribution of partons inside the proton. Using a class of hyper-radial potentials (2) we have determined the corresponding single parton transverse momentum distribution within a non-relativistic treatment having as constraints the accurate description of the proton's ground and first excited state energy. The charge radius of the proton turns out to be almost the same (∼ 0.6 f m) for all potentials in the considered class. The obtained transverse momentum distributions have been incorporated in a phenomenological scheme, based on perturbative QCD, for the cross section calculation of prompt photon production in ppcollisions. In particular, using the associated mean transverse momentum k T as a free parameter, we have fitted the PHENIX cross section in a wide region of the transverse momentum of the produced photon. Within this treatment the smoothest distribution of the k T -values, necessary for a successful description of the data, is found using the transverse momentum distribution corresponding to the potential (2) with k = 0.1. This distribution has been also used for the description of all available experimental data for prompt photon production in pp collisions. The k T -spectrum leading to a perfect description of all available experimental data is found to be restricted in the range [0.0, 1.0] GeV . When compared with the analysis found in the literature concerning the description of the same data using a Gaussian transverse momentum distribution the results found here possess two advantages: (i) the interval of the necessary k T -values is clearly narrower and (ii) it is displaced to smaller values which are closer to the geometrical characteristics of the proton according to Heisenberg uncertainty relation. In a similar treatment in [17] using the relativistic MIT bag model we have obtained an even shorter interval of k T -values approaching the k T ≈ 0 region. Suitably defined measures for the quality of the behavior of the function k T (p T ) in the different experiments allow for a comparison between the various models and lead to the following conclusions:
-In general quark confinement leaves imprint in the cross-sections for prompt photon production through the partonic transverse momentum distribution. -Relativistic effects are important as dictated by the results found in [17] using for the confinement description the MIT bag model. -Further study is needed in order to clarify to what extent the exact form of asymptotic freedom (the shape of the inter-quark potential for small distances) is also influencing the quality of the description of experimental data within our approach. -Finally it turns out that three-body forces, included in the present approach but not in the MIT bag model, are also important for an efficient description of partonic transverse momentum effects inside the proton.
Thus it is interesting to extend the present work by investigating the partonic transverse momentum distribution in a MIT bag model with interacting partons where threebody forces are also included. According to the findings of the present work such a model should lead to a further improvement of the description of the proton transverse momentum structure.
